Abstract. A mathematical model for an unimolecular heterogeneous catalytic reaction is considered in the case when the reaction product slowly desorb and then diffuse away from the surface. This model is described by a coupled system of nonlinear parabolic and two ordinary differential equations. The existence and uniqueness theorems of classical solution are proved for this system.
Introduction and formulation of the problem
The process of the bulk diffusion and heterogeneous chemical reactions is modelled by coupled systems of parabolic and ordinary differential equations (see for example [1] , [2] , and [3] where similar models are studied). In [4] , a mathematical model for an unimolecular heterogeneous catalytic reaction of type A → B is proposed, where A is a reactant and B is a product of this reaction. According to Langmuir [5] , molecules of the reactant A bind to active sites of the surface of a catalyst (adsorbent) K to form an intermediate (adsorbate) that subsequently gives the finite product B. In [1] we proved the existence and uniqueness theorem to a surface reaction model given in [4] taking into account the bulk diffusion of A, adsorption and desorption of A by de surface of K, decay of AK, and instantaneous desorption of product B from the surface.
In the present paper we consider the other model given in [4] which in addition to the adsorption and desorption of A includes the slow desorption of product B, and does not allow to diffuse for adsorbate AK and product B along the surface of the adsorbent. The model also includes the diffusion of A from reaction environment to the adsorbent and diffusion of B into reaction environment from the adsorbent.
Suppose that reactant A occupies a bounded domain Ω ⊂ R n , n ≥ 3, a = a(x, t) is the concentration of A at the point x ∈ Ω at time t, S := ∂Ω is a surface of dimension n − 1, of class C 1+α , α ∈ (0, 1), S 2 is a connected and closed part of S such that the 405 A. Ambrazevičius
Hausdorff measure H n−1 (S 2 ) > 0 or a finite number of such parts of the surface S (surface of the adsorbent), S 1 = S \ S 2 (see Fig. 1 ), ρ ∈ C (S), ρ(x) ≥ 0 for x ∈ S, ρ(x) is a concentration of active sites of the adsorbent at point x ∈ S 2 , ρ(x) = 0 for x ∈ S 1 , θ 1 = θ 1 (x, t) is a fraction of ρ such that θ 1 ρ is a density of active sites of the surface occupied by molecules of reactant A at point x ∈ S 2 at time t, θ 2 = θ 2 (x, t) is a fraction of ρ such that θ 2 ρ is a density of active sites of the surface occupied by molecules of the product B at point x ∈ S 2 at time t, 1−θ 1 −θ 2 is a free fraction of ρ, (then ρ(1−θ 1 −θ 2 ) is the concentration of free active sites), b = b(x, t) is a concentration of product B at point x ∈ Ω at time t, κ and κ 1 are the adsorption and desorption rate constants, κ 2 is the reaction rate of the intermediate AK, and κ 3 is the desorption rate constant for the product B.
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is a concentration of active sites of the adsorbent at point x ∈ S 2 , ρ(x) = 0 for x ∈ S 1 , θ 1 = θ 1 (x, t) is a fraction of ρ such that θ 1 ρ is a density of active sites of the surface occupied by molecules of reactant A at point x ∈ S 2 at time t, θ 2 = θ 2 (x, t) is a fraction of ρ such that θ 2 ρ is a density of active sites of the surface occupied by molecules of the product B at point x ∈ S 2 at time t, 1 − θ 1 − θ 2 is a free fraction of ρ, (then ρ(1 − θ 1 − θ 2 ) is the concentration of free active sites), b = b(x, t) is a concentration of product B at point x ∈ Ω at time t, κ and κ 1 are the adsorption and desorption rate constants, κ 2 is the reaction rate of the intermediate AK, and κ 3 is the desorption rate constant for the product B. According to Langmuir [5] , adsorption, desorption and reaction rates of reactant A can be written as κρ(1 − θ 1 − θ 2 )a, κ 1 ρθ 1 , and κ 2 ρθ 1 . Similarly, the desorption rate of product B can be written as κ 3 ρθ 2 . Therefore, the diffusion of reactant A can be described by the problem
where k = const > 0 is a diffusion coefficient, ∂a/∂n is the outward normal
For θ 1 and θ 2 , we have the Cauchy problem According to Langmuir [5] , adsorption, desorption and reaction rates of reactant A can be written as κρ(1 − θ 1 − θ 2 )a, κ 1 ρθ 1 , and κ 2 ρθ 1 . Similarly, the desorption rate of product B can be written as κ 3 ρθ 2 . Therefore, the diffusion of reactant A can be described by the problem
where
is the initial concentration of A at point x ∈ Ω. For θ 1 and θ 2 , we have the Cauchy problem
where θ 10 = θ 10 (x) ≥ 0, x ∈ S 2 is the initial value of θ 1 , θ 20 = θ 20 (x) ≥ 0 is the initial value of θ 2 , θ 10 (x) + θ 20 (x) < 1 for all x ∈ S 2 .
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Existence and uniqueness theorem to a unimolecular heterogeneous catalytic reaction model
The diffusion of the product B is described by the problem
where l = const > 0 is a diffusion coefficient of the product B, ∂b/∂n is the outward normal derivative to S, ∆b =
Therefore, the unimolecular heterogeneous catalytic reaction described above we model by system (1), (2), and (3).
In the present paper, we prove the existence and uniqueness of the classical solution to problem (1), (2), and (3). 
and ∂a/∂n and ∂b/∂n are continuous on
Remark 1. Results of this paper are not valid for n = 1, 2. The cases where n = 1 and n = 2 have to be studied separately.
The paper is organized as follows. In Section 1, we describe the model. In Section 2, we give a priori estimates. Section 3 is devoted to existence and uniqueness of the classical solution to problem (1), (2) , and (3).
2 A priori estimates Lemma 1. Let function a = a(x, t) be continuous and nonnegative on S 2 × [0, T ], θ 10 and θ 20 be continuous on S 2 and such that θ 10 (x) + θ 20 (x) < 1 for all x ∈ S 2 . Let θ 1 and θ 2 be a solution of Cauchy problem (2) . Then, for all x ∈ S 2 and t ∈ [0, T ], the following estimates are true: (2), which begins at the point (θ 10 , θ 20 ) (see Fig. 2 ). We prove that γ does 407 A. Ambrazevičius not leave the triangle with vertices A, O, B. First, we note that inside of the triangle with vertices O, C, B, the derivative θ 2 > 0 and therefore θ 2 increases as t increases, but inside of the triangle with vertices O, A, C the derivative θ 2 < 0 and therefore θ 2 decreases as t increases. (2), which begins at the point (θ 10 , θ 20 ) (see Figure  2) . We prove that γ does not leave the triangle with vertices A, O, B. First, we note that inside of the triangle with vertices O, C, B, the derivative θ ′ 2 > 0 and therefore θ 2 increases as t increases, but inside of the triangle with vertices O, A, C the derivative θ ′ 2 < 0 and therefore θ 2 decreases as t increases. Suppose, that γ crosses or touches the line CB at the point (θ * 1 , θ * 2 ). Then at this point
Hence,
The contradiction shows that γ does not either cross or touch the line CB. Suppose, that γ crosses or touches the line CB at the point (θ * 1 , θ * 2 ). Then at this point
The contradiction shows that γ does not either cross or touch the line CB.
Inside of the triangle with vertices O, C, B we have θ 2 > 0. Therefore θ 2 increases as t increases and therefore the trajectory γ does not cross line OB. Hence θ 2 ≥ 0. If trajectory γ crosses line OC, then at the point of intersection θ 2 = 0. Inside of the triangle with vertices O, A, C, derivative θ 2 < 0. Therefore inside of this triangle, θ 2 decreases as t increases. If trajectory γ crosses the line OA at the point (0,θ 2 ),θ 2 ∈ (0, 1), then at this point 
Solving the first equation of problem (2) with respect to θ 1 and 1 − θ 1 we get:
κa(x,s) ds . Hence,
since 0 ≤ θ 10 (x) < 1 for all x ∈ S 2 . Moreover,
From here by the Gronwall lemma we get the estimate
and then from (5) it follows that
Solving 1 − θ 1 − θ 2 from equations (2) we get
From here it follows that
Now, two last inequalities show that
The proof is complete.
Corollary 1.
Under the conditions of Lemma 1 the following inequality is true
where m = max
a(x, t).
This inequality follows from the estimate
, as
Lemma 2. Let θ 1 and θ 2 be continuous on
for all x ∈ Ω, t ∈ [0, T ].
Proof. Applying the positivity lemma (see [6] , Chapter 2, Lemma 2.1, p. 54) to problem (1) we get
into problem (1) and using the same lemma, we get the estimate
Remark 2. Let θ 2 and ρ from problem (3) be nonnegative continuous functions, b 0 (x) ≥ 0 for all, x ∈ Ω, and b be a classical solution of problem (3). By [6] (see
Let a, θ 1 , θ 2 and b be a classical solution of problem (1), (2), and (3). Then (see [4] )
To prove this law it is sufficient to add equations (1) and (3), then integrate over cylinder Q t = Ω ×(0, t), apply the formula of integration by parts, and use equation (2), boundary and initial conditions.
3 Existence and uniqueness of the solution Theorem 1. Problem (1), (2), (3) has at most one classical solution.
Proof. We multiply equation (1) by a smooth function η and integrate the result over cylinder Q τ = Ω × (0, τ ), τ ∈ (0, T ] getting an identity which, by using the formula of integration by parts and taking into account the boundary condition, can be written as follows
411 Letã,θ 1 ,θ 2 ,b andâ,θ 1 ,θ 2 ,b be two classical solutions of problem (1), (2), (3). Set a =ã −â, θ 1 =θ 1 −θ 1 , θ 2 =θ 2 −θ 2 , b =b −b. Then, for pairsã,θ 1 ,θ 2 andâ,θ 1 , θ 2 , integral identity (9) with η = a is true. Hence
This equality can be rewritten as follows
By using Eq. (4) we get a(x, τ ) dτ
a(x, s) ds dτ.
Using the formula of integration by parts we get
From the second equation of system (2) we get
By integration by parts we get
Therefore,
From here, by the Gronwall lemma, we get the estimate
where C = 2κ + mκ 2 κ1+κ2 . Using these estimates we evaluate integrals of the right-hand side of equation (10). We have
From Eq. (11) and inequality (12) it follows that
Using inequality (12) we get
ρa 2 dS dt,
and from (10) we derive the inequality
It is well known (see [7] ) that
where constant C ε is independent of the function a and c ε → ∞, as ε → 0. Therefore,
where constant C is independent of the function a. Set
Hence, a(x, t) ≡ 0. Now estimate (12) shows, that θ 1 (x, t) ≡ 0. From formula (10) we get, that θ 2 (x, t) ≡ 0. Then b ≡ 0, since it is a solution of problem (3) with the homogeneous conditions. The proof is complete.
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A. Ambrazevičius Theorem 2. Let S ∈ C 1+α , α ∈ (0, 1), and ρ ∈ C (S). Assume that a 0 , b 0 are nonnegative continuous functions on Ω and continuously differentiable on any neighbourhood of S. Let θ 10 , θ 20 be continuous on S 2 functions such, that θ 10 (x) ≥ 0, θ 20 (x) ≥ 0 and θ 10 (x) + θ 20 (x) < 1 for all x ∈ S 2 . Then problem (1), (2), (3) has a unique classical solution.
Proof. Let Ω 0 = Ω, if a 0 = 0 in any neighbourhood of surface S, and Ω 0 ⊃ Ω, if a 0 is continuously differentiable in any neighbourhood of surface S. In the last case we extend function a 0 on Ω 0 \ Ω preserving the same smoothness. Suppose, that Γ(x, t, y, τ ) = 1 (4πk(t − τ )) n/2 e − |x−y| 2 4k(t−τ ) , t > τ, is a fundamental solution of equation (1) . Then, for any pair of continuous on S 2 × [0, T ] functions θ 1 , θ 2 and continuous on S function ρ, problem (1) has a unique solution a ∈ C 2,1 (Ω × (0, T ]) ∩ C (Q T ) which can be represented by the formula (see [8] )
a(x, t) = 
with σ = σ(x, t) = 0, if x ∈ S 1 , t > 0, κρ(x) 1 − θ 1 (x, t) − θ 2 (x, t) , if x ∈ S 2 , t > 0, ψ = ψ(x, t) = 0, if x ∈ S 1 , t > 0, κ 1 ρ(x)θ 1 (x, t), if x ∈ S 2 , t > 0, and can be represented by the formula ϕ(η, t) = g(η, t) +
g(η, t) = 2 ψ(η, t) k − Ω0 ∂Γ(η, t, ξ, 0) ∂n η + σ(η, t) k Γ(η, t, ξ, 0) a 0 (ξ) dξ , Q 1 (η, t, ξ, τ ) = −2 ∂Γ(η, t, ξ, τ ) ∂n η + σ(η, t) k Γ(η, t, ξ, τ ) , Q i+1 (η, t, ξ, τ ) = where δ = α − 2γ > 0, 0 < γ < 1/2, Γ(t) is the gamma function, constant C is independent of function θ 1 , θ 2 and such that θ 1 (x, t) ≥ 0, θ 2 (x, t) ≥ 0, θ 1 (x, t) + θ 2 (x, t) < 1 for all (x, t) ∈ S 2 × [0, T ]. For small i, function Q i has a weak singularity and Q i becomes continuous for i ≥ i 0 . Since where constant K is independent of θ 1 , θ 2 which satisfies the conditions θ 1 (x, t) ≥ 0, θ 2 (x, t) ≥ 0, θ 1 (x, t) + θ 1 (x, t) < 1 for all (x, t) ∈ S 2 × [0, T ]. Therefore,
